
S1 Text: Likelihood Derivation.
In this Appendix, we give the log-likelihood for the proposed marginalized two-part
model. First, when parameterized in terms of pi, µi and φ, the log-likelihood is

l(p,µ, φ|y) =
∑

i:yi>0

{
ln(pi) + g(µi, φ) + (µiφ − 1) ln(yi) + [(1 − µi)φ − 1] ln(1 − yi)

}
+
∑

i:yi=0

ln(1 − pi), (S1)

where
g(µi, φ) = ln Γ(φ) − ln Γ(µiφ) − ln Γ((1 − µi)φ). (S2)

Notice the relationship between vi = E(Yi) and µi = E(Yi|Yi > 0),

vi = E(Yi) = piE(Yi|Yi > 0) = piµi. (S3)

This gives rise to

µi =
vi

pi
=

1 + exp(−XT
i α)

1 + exp(−XT
i γ)

. (S4)

Note also that
ln(pi) = XT

i α − ln[1 + exp(XT
i α)],

ln(1 − pi) = − ln[1 + exp(XT
i α)].

(S5)

Thus we can express the log-likelihood in terms of α, γ and φ :

l(α,γ, φ|y) =
∑

i:yi=0

− ln(1 + exp(XT
i α))

+
∑

i:yi>0

{
XT

i α − ln[1 + exp(XT
i α)] + h(α,γ, φ)

+
1 + exp(−XT

i α)

1 + exp(−XT
i γ)

φlogit(yi) + φ ln(1 − yi) − ln[yi(1 − yi)]
}

(S6)

= −
∑

i

ln(1 + exp(XT
i α))

+
∑
yi>0

{
XT

i α + h(α,γ, φ) +
1 + exp(−XT

i α)

1 + exp(−XT
i γ)

φlogit(yi)

+ φ ln(1 − yi) − ln[yi(1 − yi)]
}
, (S7)

where
h(α,γ, φ) � g{µi(α,γ), φ}

= ln Γ(φ) − ln Γ[µi(α,γ)φ] − ln Γ[(1 − µi(α,γ))φ].
(S8)

The score equations can be derived straightforwardly:

Ui = [
∂li(α,γ, φ)

∂α
,
∂li(α,γ, φ)

∂γ
,
∂li(α,γ, φ)

∂φ
]T ,
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where

∂li(α,γ, φ)
∂α

= −
exp(XT

i α)

1 + exp(XT
i α)

XT
i

+ 1(yi > 0)
[
XT

i + h′α(α,γ, φ) −
exp(−XT

i α)

1 + exp(−XT
i α)

φlogit(yi)XT
i

]
,

∂li(α,γ, φ)
∂γ

= 1(yi > 0)
[
h′γ(α,γ, φ) +

exp(XT
i γ) + exp(XT

i γ − XT
i α)

(1 + exp(XT
i γ))2

φlogit(yi)XT
i

]
,

∂li(α,γ, φ)
∂φ

= 1(yi > 0)
[
h′φ(α,γ, φ) +

1 + exp(−XT
i α)

1 + exp(−XT
i γ)

logit(yi) + ln(1 − yi)
]
,

and

h′α(α,γ, φ) =
µ′iα(α,γ)
µi(α,γ)

−
µ′iα(α,γ)

1 − µi(α,γ)

+

∞∑
k=1

{
1

k + µi(α,γ)φ
−

1
k + [1 − µi(α,γ)]φ

}
φµ′iα(α,γ),

h′γ(α,γ, φ) =
µ′iγ(α,γ)

µi(α,γ)
−

µ′iγ(α,γ)

1 − µi(α,γ)

+

∞∑
k=1

{
1

k + µi(α,γ)φ
−

1
k + [1 − µi(α,γ)]φ

}
φµ′iγ(α,γ),

h′φ(α,γ, φ) =
1
φ

+

∞∑
k=1

{
µi(α,γ)

k + µi(α,γ)φ
+

1 − µi(α,γ)
k + (1 − µi(α,γ))φ

−
1

k + φ

}
;

µ′iα(α,γ) = −
exp(−XT

i α)

1 + exp(−XT
i γ)

XT
i ,

µ′iγ(α,γ) =
exp(XT

i γ) + exp(XT
i α)

[1 + exp(XT
i γ)]2

XT
i .
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